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We introduce a dimensional reduction procedure for a spinor field and a
generalization of the minimal coupling scheme. We get an electric dipole moment
of fermions of value 107" cm and PC breaking for a gauge group G with odd
parameters. Reflection in higher (additional) dimensions are proposed as a
conjugation of “color” charges connected with Yang—Mills fields. Our approach
cancels Planck’s mass terms in the Dirac equation.

1. INTRODUCTION

In this paper we deal with spinor fields in the framework of non-Abelian
Klein—Kaluza theories. We generalize methods and results from Thirring
(1972) and Kalinowski (1981a, 1981b) to a non-Abelian case. To do this we
introduce on P an (n +4)-dimensional Klein—Kaluza manifold (Kerner,
1968; Cho, 1975; Kalinowski, 1983) a spinor field belonging to the funda-
mental representation of SO(1,n+3). We assume that this spinor field
depends on group coordinates in a trivial way, i.e., by the action of group G
(G is a gauge group of Yang-Mills fields which we combine with gravity in
the Klein—Kaluza framework).

We introduce for this spinor field new kinds of gauge derivatives. These
gauge derivatives were defined in Kalinowski (1981a, 1981b) in a five-
dimensional (electromagnetic) case. We generalize here this approach.

Simultaneously we define a dimensional reduction procedure for spinor
fields. It contains three steps:

1. We take a section of the bundle P and apply it for a spinor field ¥;
2. Werestrict SO(1, n +3) to SO(1,3) for ¥;
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132 Kalinowski

3. We decompose ¥ to spinor fields belonging to the Dirac representation
of SL(2,C).

After this we get on space-time E a tower of 2!["/% fermions fields.

In Kalinowski (1981a, 1981b) one introduces a similar construction for
the five-dimensional (electromagnetic) case. Here we clarify this construc-
tion as a kind of dimensional reduction.

After this we generalize a minimal coupling scheme for a spinor field
¥. We define on P an (n + 4)-dimensional manifold, a Lagrangian form. In
this Lagrangian we substitute the new gauge derivative for the field ¥. This
procedure is a simple generalization of that form (Kalinowski, 1981b). In
the Lagrangian we obtain a new term similar to that from Kalinowski
(1981b). In Kalinowski (1981b) such a term was interpreted as an interac-
tion of an electric fermion dipole moment with the electromagnetic field.
Here the interpretation is more complex. If we perform the dimensional
reduction procedure we get on E (space-time) a sum of Lagrangians for all
fermions from a tower describing interaction of these fermions with gravity
and Yang-Mills fields in the usual way plus new terms. These new terms
describe interactions of the Yang-Mills fields with fermions from a tower.
If the number of group parameters is odd (dimG = 2/+ 1) some of these
terms may be interpreted as an interaction of fermion electric dipole
moments with the electromagnetic field. In the case of even parameters of
group G (dimG = n =2/) such terms are absent. Thus a fermion electric
dipole moment is possible only in the case of odd parameters. But apart
from these terms we have also other terms. These terms may be treated as
anomalous dipole moments for “magnetic” parts of the Yang—Mills field.
In the case of odd parameter groups we have PC breaking. This breaking is
obviously very small because the value of fermion dipole electric moments is
about 1073 [cm] ¢. Similarly as in Kalinowski (1981b) this value is built
only from fundamental constants.

In the paper we define also discrete transformations on P and interpret
them as operators of parity, time-reversal, charge conjugations, PC, and
PCT. Charge conjugations are defined as reflections in » additional dimen-
sions (gauge dimensions). The paper is organized as follows. In the first
section we describe some elements of the non-Abelian Klein-Kaluza theory
and define geometric quantities which we use all along in the paper. In the
second section we introduce a dimensional reduction procedure. In the third
we introduce gauge derivatives of new kinds for a spinor field ¥ and
generalize the minimal coupling scheme. We get here new terms in the
Lagrangian. In the fourth section discrete transformations for a spinor field
¥ on P are defined. In the Appendix we deal with elements of the Clifford
algebras which we use in the paper.
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2. THE KLEIN-KALUZA THEORY

Let us introduce the principal fiber bundle P over the space-time F
with the structural group G and with the projection # and let w be a
connection form on P.

Let us suppose that (E, g) is a manifold with a metric tensor g and
Riemann connection @,4, where g = g,,0°®§P. The signature of g is (— —
— +) and 8¢ is a frame on E. Let us introduce a natural frame on P.

64 = (7*(6%),0°=A0*) A >0,  const (1)

w=w?X, is a connection on P. The two-form of curvature of connection w
is

f=hordw = (1/2)H.6* A 6" X, (2)
{ obeys the structural Cartan’s equation:
Q=dw+1/2[w,w] (3)
Bianchi’s identity for w is
hord2=0 (4)

The map e: £ D — P, so that e-7 =id is called a cross section. From the
physical point of view it means a particular choice of gauge. Thus

e*w=e*(w'X,)= A,‘jﬁ_"Xa
e*Q=e*(Q°X,) = l/2ﬁf:,0_“ AOX, (5)
where
F=0,4;— 9,43 — Ci.A)4; (6)
X,, a=1,2,...dimG = n are generators of the Lie algebra of group G and

[Xu’ Xb] = aCch'
A covariant derivative on P with respect to w, d, is defined as follows:

d¥ = hord ¥ (7)

This derivative is called a “gauge” derivative, where ¥ is, for example, a
spinor field on P.
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It is convenient to introduce the following notations. Capital latin
indices 4, B,C run 1,2,3,4,...,n +4, dimG = n. Lower case greek indices
a,fB,v,8 =1,2,3,4 and lower case latin cases a,b,c,d =5,6,...,n+4. The

symbol “ ” over §* and w,p (i-€., 8%, &,5) indicates that both quantities are
defined on E.

Let us introduce now a tensor y = v, 0 ®6% on the manifold P in the
natural way (Trautman, 1970, 1971b, 1973a) let X, Y € T,.(P).

(X, Y)=g(a'X,7'Y)+h,,0%(x)6°(Y) or
y=u*g+h,0°®0" (8)

Tensor y has signature (— —+ — — --- — ).
;Y_J

n times
h,, = C:,C4 is a Killing’s tensor on G. In this frame this tensor has the
form

gaﬁ 0
Yap = (9)
” (0 hah)

It is clear that the frame 6 is partially unholomical, because
1
d0”=)\(9”———C”0”/\0C)==0 10
2)\2 be ( )

We also introduce a dual frame

Y(§A)=YABOB (“)
We have £, = (£,, £,) and according to Trautman (1970)

Ly=0 (12)
£,

Thus £, are Killing’s vectors of metric y. Let us define now the Riemannian
connection w, z on P and the exterior covariant derivative D with respect to

Wyp

Dv,;=0 and D6*=0 (13)
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The solution of (13) is

N

Wap =T (waﬁ)— EHaBao

Woap T 7 Wpe = %Hayboy (14)
1 c

Wop = T Wpe = — ﬁ Cabco

w,p 18 invariant with respect to the action of group G (Cho, 1975). In
Kalinowski (1981a, 1981b) we introduce new kinds of gauge derivatives for
a spinor field ¥. Because of the derivatives we avoided some troubles which
appeared in Thirring (1972). We get for the electromagnetic case [G = U(1)]
the fermion electric dipole moment without the Planck’s mass term in the
Dirac equation. In the Klein—Kaluza theory A = 2e(VG /c?), ¢* = 1, where G
is the gravitational constant and c is a velocity of light in vacuum. This
condition originates from the consistency between the equation in the
Klein-Kaluza theory and Einstein equation (Kaluza, 1921; Lichnerowicz,
1955a; Kerner, 1968). It is worth noting that this condition does not
determine the sign of A. It was unnoticed in Thirring (1972) and Kalinowski
(1981a, 1981b). Now we define the dual Cartan’s base on E. Let 753, =
(—det g)'/? and 1,4,5 is the Levi-Civita symbol and

Na=1%0F A GY A G°n,
’ o (15)
n=1/46% A1,

Details concerning elements of geometry mentioned here can be found in
Trautman (1970, 1971, 1980), Kobayashi et al. (1963), and Lichnerowicz
(1955b).

3. DIMENSIONAL REDUCTION
Let us consider the group SO(1, n + 3) and its fundamental (complex)

representation of dimension K =4-2("/21 where [n/2]=1 for n=2[ or
21+ 1:

U(g)¥(X)=D(g)¥ (g 'X) XeM® 3  geS0(1,n+3)
(16)
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SO(1, n +3) acts linearly in M "*¥ [(n + 4)-dimensional Minkowski space].
The Lorentz group SO(1,3)C SO(1,n+3). Thus after restriction g to
subgroup SO(1,3) we obtain a decomposition of DF (Barut et al., 1977)
according to

DFlso(,'3)(A)=£(A)®---eL(A), A €S0(1,3) (17)
[n/2Ttimes

where

L(A) = D(I/Z.O)@D(O,I/Z)(A)

is the Dirac representation of SO(1,3). The decomposition (17) for a spinor
¥ has a form

r -

¥
¥

ul2)

(18)

‘I’lsou,3)=

where y,, i =1,2,...,21"/? are spinors belonging to the Dirac representation
(L = D/20gp@1/D) Thus, owing to the decomposition (18) we get a
tower of 1/2 spin fermions.

More precisely, we deal with representations of Spin(1, n +3) and Spin
(1.3) = SL(2,C).

Let us turn to a manifold P. It is a metric manifold ( P, y) with a metric
tensor y. At every point p element P a tangent space 7,(P)= M"-"*?. Let
¥:P->CX (K=2["/2y be a spinor field on P at every point p € P
belonging to fundamental representation D of group SO(1, n +3).

For spinor field ¥ we suppose the following action of group G:

Y(pg)=o(g ") ¥(p) (19)

where p = (x,g)E P, g, g, €G. o is a representation of group G in 4.21"/2.
dimensional complex space.

If we take a section e: E — P we get a spinor field ¥(e(x)) on the
manifold E (space-time). Thus it means that at every point x € E we have
after restriction to SO(1,3) spinor ¥|sp( 3 and for it the decomposition
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(18) is valid. Thus

¥(x)

\Pz X
(e*¥)isoq.3(x) = ( ) (20)

1[/2["/‘2]()6)

Spinor fields ¥,(x),i=1,2,...,2!"/2 are spinor fields at every point x € E
belonging to the Dirac representation L = D@!/2gp1/29_ Sych a proce-
dure we will call the dimensional reduction for a spinor field. In this way we
get a tower of Dirac spinor fields on E. The following graph symbolizes it:

¥
restriction 4’2
v - erY - e*¥iso0,3= . (21)
section of P from SO(1,n +3) ’ .
to SO(1,3) .
Y272

In Kalinowski (1981a, b) we dealt with (in a similar context) five-dimen-
sional (electromagnetic) case [G = U(1), n =1]. Thus we have the de Sitter
group SO(1,4) and we dealt with spinor ¥ belonging to fundamental
representation of group Spin(1,4) = Sp(4). But for this case we have dim DF
= dim D|§0(|_ 3) and after dimensional reduction we get only one spinor field
on E. The procedure (21) explains a construction given in Kalinowski
(1981a,b). This procedure points out how to obtain a set of Dirac spinor
fields §; on E if one has a spinor field on P (with a special dependence of
higher-group dimensions). But from the physical point of view more inter-
esting is the opposite case. Really we have several spinor fields on E with
which we connect physical fermion fields. From time to time it is possible to
build a tower from these physical spinor fields. There were some attempts in
constructing such towers (Kerner, 1980; Palla, 1978; Pati, 1980). Thus from
physical point of view it would be interesting to describe physical fermions
as a spinor field on P belonging to a fundamental representation of
SO(1, n +3) [Spin(l, n +3)]. Maybe it helps us in understanding of the
generations of fermions. Now it is difficult to proceed because a group G
(gauge group for Grand Unified Theories) is not well established and one
suspects there are possibly many new generations. We know from an
asymptotic freedom argument in Quantum Chromodynamics that a number
of generations may be smaller than 9 (greater than 2).
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4. SPINOR FIELD ON P

Let ¥ be a spinor field on P belonging to fundamental representation
DF of SO(1, n +3) [Spin(l, n +3)] and let T4, 4=1,2,...,n+4 be a repre-
sentation of the Clifford algebra for SO(1,n +3) acting in the space
representation of DF, ie., [*€ C(1,n+3)

(T4, Tp) =284, I“*€L(CY) (22)

K =422 [n/2]=1, where g,;=diag(—1,—-1,—1,1-1,...,—1). We
introduce a spinor field ¥: 1 times

¥Y=V¥*B (23)

where “+” is Hermitian conjugation and
I*'=Brep~' (24)
It is easy to see that

W(P&):W(P)O(&) (25)

where P€ (X, g)E P, g,8,€G, o is a unitary representation of group G
acting in 4-2!"/2-dimensional complex space, o € L(C*). Fields ¥ and ¥
are defined on P and P is assumed to have an orthogonal coordinate system
64. This coordinate system is in general nonholonomic. We perform an
infinitesimal change of frame 6*:

04 =04+801=0"—ep0°%, e ptepg, =0 (26)
Suppose that field ¥ corresponds to 84 and ¥ to ', then we get:

V=V + 8V = ¥ — 186, ¥
o (27)
T'=T +6F =T +TFg, e?

where 6,5 =4[I,, Tp). Now we consider covariant derivatives of spinor
fields ¥ and ¥ on P with respect to w,z. We get

DY = d¥ + w85, ¥

T = IT — ABT s (28)
DY =4d¥ — o*°¥é,,



Spinor Fields in Non-Abelian Klein-Kaluza Theories 139

In Kalinowski (1981a,b) one introduces new kinds of “gauge” derivatives
for the five-dimensional case. Now we generalize the approach to an
arbitrary gauge group G:

DY = horD¥ =d\¥ +hor(w??)é,,¥
_ L . (29)
DV = hor D¥ = d\¥ —hor(w??)¥é,,

Horizontality is understood in the sense of a connection w on a bundle P.
Using (4) one gets

— A «
D\I’=D‘I’—§Hy”[I‘a,I‘b]\P0*
o _ (30)
DY =DV + §H$”‘I'[I‘a, T,]67
where
DV = horDV¥
— _ (31)
DV¥ =horDV¥

D is an exterior covariant derivative with respect to @,5 (on E). D is the
normal gauge derivative and the generally covariant derivative with respect
to &, It describes the well-known minimal coupling scheme between
spinor field W, the gravitational field, and Yang—Mills fields. It is easy to
see that these new “gauge” derivatives induce on P a new connection

Wyp= hor(wAB) (32)

We work with &, rather than w,,. In Kalinowski (1981a,b), because of
these gauge derivatives one gets a fermion electric dipole moment and
avoided well-known troubles (Thirring, 1972) (Planck’s mass term in the
Dirac equation). The connection &, has many interesting properties. In
Kalinowski (1983) it was proved that the scalar of curvature for &, is the
sum of the scalar curvature for @,z (on E) and —(N/4)h,,F*F}
(Lagrangian of Yang-Mills field for gauge group G). For w,, we get
additionally an enormous cosmological term (Cho, 1975). For Dirac fields
on E we have the Lagrange 4-form (Trautman, 1973; Kalinowski, 1981a,
1981b):

Lo(¥. . d) = (I A dy+af Aly)+miyn  (33)

where / = y,n*.
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Now we pass from ¢, ¢ to ¥, ¥ and from d to D. In this way one
generalizes the minimal coupling scheme. Classically we should pass from d
10 d,. Thus one easily writes

Ly(¥, ¥, D)—Ih—c(‘l'l/\ DV + DV A 1¥)+m¥¥n, where [ =Tp*  (34)

Using (30) one easily gets

Lo(¥,¥.D) = Ly(¥. ¥, D)+ie et Ho¥T (I, I, ]9 (35)
and
Gh elpg
2e——=2 =4+0.95x1073 [cm 36
b [em]g (36)

where /p is Planck’s length, a the fine structure constant, ¢ elementary
charge, and ¢ =1.

If one performs the dimensional reduction (21) for L,(¥,¥, D) one
casily gets (see Appendix A)

2ln/2

Ly(¥.%.D) L Lo(¥:9:. D) (37)
duncnsnonal
reduction

Thus one obtains the interaction between spinor fields ¢,,i=1,2,...,2[7/2
and gravitation and Yang—Mills fields in the usual way. It is worth noticing
that all fermions y, have the same mass m. If one assumes that all
elementary particles get their masses due to Higgs’ mechanism one may put
m = 0. Thus we deal with massless fermions. In some cases it is possible to
incorporate Higgs fields into Yang—Mills fields with some symmetries over
a space-time with extra dimensions (Forgass et al., 1980; Manton, 1979;
Mayer, 1981; Mecklenburg, 1981; Witten, 1977). Thus it seems possible to
obtain fermions ¢, with different masses. This will be done elsewhere.

Now we deal with Yang-Mills fields and should work with a concrete
useful representation of I'Y. We will consider the cases n=2/and n =2/ +1
separately.

If we suppose that the group G is a gauge group which unifies
electromagnetic, weak, and strong interactions, then G has a subgroup U(1)
corresponding to electromagnetic interactions after breaking the symmetry.
Let dimG =2/ +1 and let the parameter of electromagnetic subgroup U(1)
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correspond to A =n +4 =2/ +5. Then we turn to the additional term in the
Lagrangian (35) and perform the dimensional reduction for b=n+4 =2/
+5. One easily gets

. \[(—; « 7 [ 2 « T
zewthﬂs‘I’l‘z’”[l"a,Fﬁ]\lfn=251%q )y FZI&S‘P:"YSU;‘,V\PI"’
i=1

where F7f ; = F*f (electromagnetic field). Thus we get for all fermions an
electric dipole moment of the order (36) (Kalinowski 1981a, 1981b). If
dimG = 2/ then this term is forbidden and we have no fermion electric
dipole moment. If such electric dipole moment exists then it means the
unified gauge group G as an odd number of dimensions. In Borowiec
(1979), Kerner (1980), and Mecklenburg (1982), one considered Dirac fields
on a many dimensional manifold of the Klein—Kaluza type. But unfor-
tunately in these approaches fermions possess minimal masses about 1 pg
(Planck’s mass terms) as in Thirring (1972). Our approach avoids these
troubles as in Kalinowski (1981a,b). In Mecklenburg (1982) it is possible to
cancel Planck’s mass term. His approach really differs from ours and fails in
the five-dimensional case.

5. DISCRETE TRANSFORMATIONS ON P

Now let us consider operations of reflections defined on the manifold
P. To perform this we choose a local coordinate system on P:

X*=(Xx% X)), X°=(X,1) (38)

Then ¥(p)=V¥(X")=¥(X, 1), X*) and define transformations: space
reflection I1, time reversal 7, charge reflections C, and combined transfor-
mations IIC, § = IICT in the following way:

YO( X, X)) =C¥*( X, — X%) (39)

where C~'T,C=—T7.
It is easy to see that

(/2]
0 C
=(c 0)=C®1‘[a1 (40)

i=1

o

where o, is a Pauli matrix and C is an ordinary charge conjugation matrix
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on E (see Appendix). Performing the dimensional reduction (21) one gets
YE(X*) =Cy*(X), i=1,2,...,22 (41)

and all color charges connected with Yang—Mills fields change signs. In
Thirring (1972), Kalinowski (1981a,b), Rayski (1968) a similar problem was
considered in the five-dimensional (electromagnetic) case. The reflection in
coordinate X° was interpreted as an electric charge conjugation. For the
space coordinate reflection we have

Y Xx®, X9)=T*¥(-X, 1, X9) (42)
Performing the dimensional reduction (21) one gets (see Appendix)
YIX, ) =vyq,(-X,t) i=1,2,...,2~2 (43)

1.e., a normal parity operator on E. For the transformation of time reversal
T we have

VYT(X,t, X*)=C 'T'T’I3¥*(X, -1, — X¢) (44)
Performing the dimensional reduction (21) one gets (see Appendix)
YIX, 1) =Cly'y2y (X, —1)  i=1,2,...,2"/3 (45)

and all color charges connected with Yang—Mills fields of gauge group G
(dimG = n) change sign, i.e., a normal time-reversal operator on space-time.
For the transformation § = I1CT we put

VO(X, 1, X?) = —iT¥*5¥ (=X, 1, X*) (46)

where [ =[n/2] and T'¥*3 =y3®[1!"/%0, (see Appendix A). Performing
the dimensional reduction (21) one gets

Yi(X 1) = —iv’y, (- X.1) (47)
For the transformation IIC one gets
YIC(X, ¢, X9)=TC¥*(-X, 1, — X9) (48)
Performing the dimensional reduction one gets
YIC(X, 1) = y*Cy* (=X, 1), i=1,2,...20/2 (49)

and all charges change sign.
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It is clear that transformations obtained by us here do not differ from
those known from the literature.

The additional term in Lagrangian (25) (in the case n = 2/ + 1) breaks
symmetry IIC or T in an analogous way as in the five-dimensional case
Thirring (1972), Kalinowski (1981a,b). This can be easily seen by acting on
the Lagrangian with operator IIC defined by (48).

APPENDIX A

In this Appendix we deal with the Clifford algebra (Atiyah et al., 1964;
Cartan, 1966) C(1, n +3). Owing to decomposition rules for C(1, n + 3) we
write down a useful representation for I'/ in terms of ¥, It is well known
that any Clifford algebra can be decomposed into a tensor product of the
four elementary Clifford algebras (Atiyah et al., 1964; Cartan, 1968):

C(0,1) = C — complex numbers
C(1,0)=ReR (A1)
C(0,2) = H = quaternions
We have
C(1,n+3)=C(0,2)®C(1,n+1) (A2)

Because we deal with dimensional reduction to space-time E we define
Clifford algebra C(1,3) and we easily get

[n/2]
c(l,n+3)= ( [T ®c(0,2)

i=1

®C(1,3)

®C(1,3) (A3)

(n/2]
= ( I1 ®H

i=1

It is well known that either
C(l,n+3)=C(1,n+4) (iffn+3=21,1€Nl°°) (A4)
or

C(l,n+2)=C(1,n+3)  (iffn+3=2/+1,/€NP)
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Let y, € L(C*) p=1,2,3,4 be Dirac matrices obeying conventional relations
{(Yus 10} =2m,, (AS)
n,, =diag(—=1,-1,~1,+1)
Ys =Y\ Y2YsYar Ys = — 1

and let g, € L(C?), i=1,2,3 be Pauli’s matrices obeying conventional rela-
tions as well:

{oi’oj)=26ij (A7)
[oi’oj] = &0k (A8)
We introduce also the following notations: 1€ L(C?) is a 2 X2 unit matrix

and § € L(C*)is a 4X 4 unit matrix. Thus one performs the decomposition
(A3) and easily gets

[n/2]
=y'® ]_[ ®a, (A9)
i=1
or
0 y*
b= 10
r (Yu 0) (A10)
For A= p one gets (in the case n = 2/):
p—2 I-p+1
r2r+l =g H@I)®o3 ( IT @0
i=1 i=1
p—-2 I-p+1
r»+2=ige| [] ot ®02®( ®0, (A11)
i=1 i=1
where 4<2p+1<2p+2<n+4=2/+2.
In the case n = 2/ we define also a matrix:
n+4 {
"2 =i(I+1) [ T=(y*)®| [] ®0,|=T?'*  (Al2)
A=1 i=1
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or

0 5
rn+5= ( s Y ) (A13)
Y 0

where n =21,/ € N°. 3
Ifn=2/+1wehave =T 4=1,2,...,21+4:

- 0 5
fr+a _T21+5 g Y (A14)
Y 0

It is easy to check that

(I‘Z"LS)2 =—1and

(T4, T+5)=0  ford=2/+5 (A15)
_ (a2 _

B=Be®| [] ®¢,|, y**=By*B"! (A16)
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